(Received 3 January 1995) 1. Introduction During the past several years, a new type of geometric measure and dimension have been introduced, the packing measure and dimension, see Su] , Tr] and TT1]. These notions are playing an increasingly prevalent role in various aspects of dynamics and measure theory. Packing measure is a sort of dual of Hausdor measure in that it is de ned in terms of packings rather than coverings. However, in contrast to Hausdor measure, the usual de nition of packing measure requires two limiting procedures, rst the construction of a premeasure and then a second standard limiting process to obtain the measure. This makes packing measure somewhat delicate to deal with. The question arises as to whether there is some simpler method for de ning packing measure and dimension. In this paper, we nd a basic limitation on this possibility. We do this by determining the descriptive set theoretic complexity of the packing functions. Whereas the Hausdor dimension function on the space of compact sets is Borel measurable, the packing dimension function is not. On the other hand, we show that the packing measure and dimension functions are measurable with respect to the -algebra generated by the analytic sets. Thus, the usual sorts of measurability properties used in connection with Hausdor measure, e.g., measures of sections and projections, remain true for packing measure.
We now give a somewhat more detailed description of our results and we introduce some notation. Throughout this paper (X; d) will be a Polish space, that is, a complete separable metric space. We equip the space K(X) of non-empty compact subsets of X with the Hausdor distance %; %(K; L) = supfdist(x; L); dist(y; K) : x 2 K; y 2 Lg: Then (K(X); %) is a complete separable metric space, see e.g., R]. We denote by H g and P g the Hausdor and packing measures generated by a non-negative nondecreasing function g on the positive reals; their de nitions will be given later. We shall study the measurability properties of the functions H g and P g on K(X). The Hausdor measure H g is rather simple in this respect; it is in Baire's class 2, and in particular a Borel function. The packing measure is much more complicated, 1 Research supported by NSF Grant DMS 9303888 as can be expected from its de nition. Assuming that g satis es the doubling condition; g(2r) kg(r), we show that P g is measurable with respect to thealgebra generated by the analytic sets, but it is not Borel measurable even when X is the unit interval.
From these results on measures we obtain that on K(X) the Hausdor dimension is a Borel function and the packing dimension is measurable with respect to the -algebra generated by the analytic sets. Again, the packing dimension is not a Borel function. We shall actually prove the measurability of the packing dimension in two ways: via the packing measures and via the box counting dimension (also known as the Minkowski dimension).
We shall mainly work with packing measures whose de nition is based on the radii of balls. In Section 5 we brie y discuss the measurability questions related to diameter-based packing measures.
By composing suitable functions, we can use the above results to deduce measurability of various functions. For example, we show in Section 6 that if K is a compact subset of a product space T X, where T is another Polish space, then the Hausdor measures and dimensions of the sections fx 2 X : (t; x) 2 Kg are Borel functions of t, and their packing measures and dimensions are measurable with respect to the -algebra generated by analytic sets. Our example in Section 7 shows that these latter functions need not be Borel measurable.
The last section is independent of the others. We shall denote by R the set of real numbers, by R n the Euclidean n-space, by Q the set of rational numbers, and by N the set of positive integers. For A X, the closure of A will be A. The -algebra generated by analytic sets will be denoted by B(A). In a product space, proj 1 stands for the projection onto the rst factor.
Finally, we wish to thank Lars Olsen and Jouni Luukkainen for their corrections and comments during the preparation of this manuscript.
Hausdorff measure and dimension functions
Here and later g : 0; 1) ! 0; 1) will be a non-decreasing function with g(0) = 0. We denote by d(A) the diameter of a set A X with d(;) = 0. Let 0 < 1 and A X. The approximating Hausdor g-measure H g; (A) of A is de ned by one function has a dense set of points of continuity. This also shows that dim H has value 0 on a dense set and also has value 1 on a dense set and is therefore also not a Baire class 1 function.
Packing and box dimension functions
The packing dimension can be de ned either via the upper box counting (i.e., Minkowski) dimension or via the packing measures. In this section we use the rst approach and in the next section the second.
We begin with the de nitions and simple measurability properties of the box counting dimensions. Let K 2 K(X). For > 0 let N (K) Proof. Evidently fK 2 K(X) : N (K) < cg is open for c 2 R and > 0, whence N is upper semicontinuous. Thus the functions g j : K 7 ! log N 2 ?j (K)=(j log 2) and h k = inf j k g j are also upper semicontinuous. Hence dim B = lim k!1 h k is of Baire's class 2.
For the upper box counting dimension we use the packing function P . It is easy to verify that it is lower semicontinuous. Hence it follows as above that dim B is of Baire's class 2.
We de ne the packing dimension dim p A for A X by
Then the packing dimension has the countable stability property, which the box counting dimension lacks:
This leads to the following lemma. 
which is a contradiction and completes the proof of the lemma. Let A X and > 0. We say that f(x i ; r i )g n i=1 is a -packing of A if x i 2 A, 2r i > 0 and r i + r j < d(x i ; x j ) for i, j = 1; : : :; n, i 6 = j. Then the closed balls B(x i ; r i ) are disjoint. We rst de ne the prepacking measures P g; and P g by
g(2r i ) : f(x i ; r i )g n i=1 is a -packing of A ;
If g is continuous we can replace the condition r i + r j < d(x i ; x j ) by r i + r j d(x i ; x j ) without changing the de nitions of P g; and P g . The following simple lemma is given only for completeness; it will not be needed later on. Each G n is open, consequently P g; is lower semicontinuous. Hence P g = lim n!1 P g;1=n is of Baire's class 2.
Since P g is not countably subadditive one needs a standard modi cation to get an outer measure out of it. Thus we de ne the packing g-measure for A X by
If A is compact, the sets A i can also be taken compact. Then P g is a Borel regular outer measure. When g(r) = r s we denote P g = P s . The packing dimension, which was introduced in the previous section, can also be de ned in terms of the packing measures:
For these relations, see e.g., TT1], F] or M]. The proofs there are in R n but they generalize without changes.
Let us indicate why dealing with packing measure is somewhat delicate. This can be seen by carrying out a straightforward logical analysis of its de nition. Let E = fK 2 K(X) : P g (K) < cg:
It follows from Lemma 4.1 that D is a Borel set. But, from its de nition, the set C is a coanalytic set. Also, it is not a Borel set. (If it were, then consider C \ F, where F is the Borel set of all (K; K 1 ; K 2 ; : : :) such that each K i is a singleton. The projection of this set on its rst coordinate would be an analytic set. But this is the set of all countable closed sets, a classic example proven by Hurewicz not to be analytic, see H]). Thus, this analysis only yields that E is a so-called PCA (or P 1 2 ) set and whether these types of sets are measurable is independent of the Zermelo{Fraenkel axioms of set theory, see J, pp. 528 and 563] .
In the following Pr(X) stands for the set of all Borel probability measures on X. We equip Pr(X) with the topology of weak convergence. Then it is a complete separable metrizable space. The support of a measure 2 Pr(X) is denoted by spt .
4.2. Theorem. Suppose there is k < 1 such that g(2r) kg(r) for r > 0. Then for all c 2 R the set fK 2 K(X) : P g (K) cg is analytic. In particular, the function P g : K(X) ! 0; 1] is measurable with respect to B(A).
Proof. We may assume c > 0. We shall make use of the theorem of Joyce and Preiss JP] according to which for any compact K with P g (K) c there exists a compact M K such that c P g (M) < 1. De ning 2 Pr(X) by (B) = P g (M \ B)=P g (M) we have spt K and c (L) P g (L) for all L 2 K(X). The converse of this holds trivially: if there exists 2 Pr(X) such that spt K and c (L) P g (L) for all L 2 K(X), then P g (K) c. It follows that fK 2 K(X) : P g (K) 
Thus it su ces to show that A is a Borel set. We have and this set is easily seen to be closed. Thus each A m is a G -set, and so is A.
4.3. Question. Is P g B(A)-measurable without the doubling condition g (2r) kg(r)?
In the proof we needed the doubling condition since Joyce and Preiss proved their result using it.
5. Diameter-based packing measure and dimension
The de nitions for the upper box counting dimension and packing dimension of Section 3 can also be given in terms of the diameters of balls instead of their radii.
More precisely, for K 2 K(X) let e N (K) The problem here is that in Section 4 we used the theorem of Joyce and Preiss JP] which does not hold for the measures e P s ; a counterexample has been constructed by Joyce Jo] .
Measurability of sections
We shall now study the measurability of the Hausdor and packing measures and dimensions of sections in a product space. Let T be a Polish space.
If E T X, and t 2 T, then let E t = fx 2 X : (t; x) 2 Eg. 6.1. Theorem. Let Then B is a Borel set. To see this let S = f(x; y; K) : x = '(K) and y 2 Kg. Then S is a Borel set and the projection map onto the rst two coordinates is one-to-one and maps S onto B whence S is a Borel set by K1, p. 487] .
Also the projection of B into the x-axis is A and for x 2 A, B x contains some K 2 E, whence dim H B x > 0. If x 2 C, then B x = ; and dim H B x = 0. Thus for the map g, g(x) = dim H B x , the set g ?1 f0g = C is not a Borel set and so g is not a Borel function.
We now turn to the measurability of the packing dimension and measure of the sections. Applying Theorems 3.4, 5.2 and 4.2 we can use exactly the same argument as in 6.1 to prove the following theorem.
6.4. Theorem. Let B T X be a Borel set such that all the sections B t , t 2 T, are compact.
(1) The functions t 7 ! dim p B t and t 7 ! g dim p B t , t 2 T, are B(A)-measurable. We want to show now that two di erent intervals as above are disjoint. By the basic monotonicity properties stated at the beginning of this section, it su ces to consider J 1 = J(a 1 ; k 1 ; : : :; k m?1 ; a m ; k) and J 2 = J(a 1 ; k 1 ; : : :; k m?1 ; a m ; k 0 ) where 1 k < k 0 n m . These two sequences generate the same p i and q i for i < 2m. b) The set E = fK 2 K( 0; 1]) : dim p K > 0g is an analytic non-Borel set.
Indeed, E is a complete We use to show that P s (K) Hence (A) P s (A) for all Borel sets A K, which gives 0 < (K) P s (K) as desired.
We now show that P s (K) 
